The study of congruences between arithmetically interesting numbers has a long history and plays important roles in several areas of number theory. Examples of such congruences include the Kummer congruences between Bernoulli numbers and congruences between coefficients of modular forms. Many of these congruences could be interpreted as congruences between special values of L-functions of arithmetic objects (motives). In recent years general conjectures [B-K] have been formulated relating these special values to the Selmer groups and other arithmetic invariants of the associated motives. In view of these conjectures, congruences between special values should give certain congruences between the corresponding Selmer groups.
In this paper, we take a different point of view by studying congruences between Selmer groups and deducing consequences of such congruences to the congruences of special values. Roughly speaking, given two Galois representations that are congruent on a finite level, i.e., that become isomorphic representations modulo a prime power, we consider the relation between the corresponding Selmer groups. Precise definitions will be given in later sections. We will focus on the Selmer groups defined by Bloch and Kato [B-K] and will provide congruences when the congruent Galois representations are from cyclotomic characters, Hecke characters from CM elliptic curves, and from adjoints of modular forms. We also display consequences of such congruences to the congruences of special values of L-functions, in particular, to special values of the Riemann zeta function. It is interesting to observe that the congruences of special values obtained this way are different from the classical congruences, such as the Kummer congruences.
Methods used in this paper are mostly from Iwasawa theory, including the classical theory originated from Iwasawa [Iw] and the "horizontal" theory recently developed by Wiles [Wi] , even though only the algebraic part of the theory is applied.
There are several versions of Selmer groups, motivated by the Selmer groups of elliptic curves. We choose to study the Selmer group of Bloch and Kato since it is the one that applies to the most general context and relates well with spcial values. However, in order to get a congruence, we have to make use of other versions of Selmer groups, defined by Greenberg [Gr] and by Wiles [Wi] . This suggests that the Selmer groups of Greenberg and Wiles might be better candidates for studying congruence problems. For some other results on congruences of Selmer groups, see [Gr] .
The layout of this paper is as follows. In §1, congruences between Galois representations and between abelian groups are defined. We introduce several types of congruences and study the relation between them (Proposition 1.1). For later applications, we also give general criteria for congruences of Selmer groups (Proposition 1.2). In §2, we prove congruences (Theorem 1) between Selmer groups from cyclotomic representations. By the theorem of Bloch and Kato that relates these Selmer groups to special values of the Riemann zeta function, we are able to obtain congruences between these special value, and congruences between the Bernoulli numbers (Theorem 2). As indicated earlier, these congruences are different from the classical Kummer congruences. We then prove, in §3, congruences when the Selmer groups are from Hecke characters over an imaginary quadratic field K. This could be regarded as an algebraic analogue of the congruences between special values of Hecke L-functions that were used to construct p-adic L-functions. The result on primes that split in K is quite complete (Theorem 3). However, for primes non-split in K, we have to impose an additional condition, called r-congruence, on the Galois representations in order to obtain congruences between the Selmer groups (Theorem 5). Congruences in §2 and §3 should still hold when the characters are twisted by a Dirichlet character. In the last section, we provide congruences between adjoints of two dimensional Galois representations (Theorem 6). As a special case, we obtain congruences between adjoint representations from modular forms (Corollary 4.1). Unlike the cases of cyclotomic characters and Hecke characters, congruences between special values from the adjoint representations are not know before. However, with the help of the Bloch-Kato conjecture, congruences from Corollary 4.1 give congruences between the corresponding special values. The author would like to thank F. Diamond, R. Greenberg, K. Rubin and J. Sturm for helpful discussions.
Definitions and preliminary results
In this section we recall the definition of Selmer groups of Bloch and Kato, define the congruence between two Selmer groups and give preliminary results on congruences between Selmer groups. For the rest of this paper, we denote F and K for number fields, denote O F and O K for rings of integers, denote p (resp. λ) for a prime of F (resp. of K), and denote O p and O λ for the rings of integers of the completions F p and K λ .
Selmer groups
Given a finite prime λ of K, by a λ-adic represetation of G F , or a O λ [[G F ]]-module, we mean a topological O λ -module A with a continuous action of G F . The representations we consider are of the following five types.
1. a finite dimensional F λ vector space A with the product topology and a continuous group homomorphism ρ :
2. a finitely generated, free O λ -module A with the compact topology and a continuous group homomorphism ρ :
3. a cofinitely generated, cofree
with the discrete topology and a continuous group homomorphism ρ : G F → Aut cont (A). Such a representation can be identified with the Pontrjagin dual of a representation of type (2) We further assume that the action of G F on A is unramified outside of a finite set of primes S of F that contains ∞ and primes of F above ℓ. Then the action of G F is naturally induced from the action of G S , the Galois group of the maximal extension of F unramified outside of S.
Let A be a representation of G F of one of the five types listed above. A local condition L for A consists of the selection of a subgroup
for each finite prime p of F . The Selmer group of A with respect to the local condition L is defined by
The Selmer group that we will study in this paper is defined by the local condition of Bloch and Kato [B-K] , for a representation A of type (3). Given such an A, define
2. If M 1 and M 2 are numerically congruent modulo λ n , then M 1 and M 2 are cardinally congruent modulo λ n .
Proof:
To prove the implication in the other direction, we apply induction on n. Since O λ is a PID, we could write, for i = 1, 2,
For i = 1, 2 and for each integer r ≥ 1, denote s i,r = |{a i,j , 1 ≤ j ≤ k|a i,j ≥ r}| and
if and only if t 1,u = t 2,u for 1 ≤ u ≤ r − 1 and s 1,r = s 2,r . On the other hand,
When n = 1, M 1 and M 2 being congruent module
. Now inductively assume that the converse is true for n, and assume that
From
Solving Eq (1) and Eq (2), observing that s i,n = t i,n + s i,n+1 , we obtain
Together with Eq (1), this implies
where we identify λ with a generator of the principle maximal ideal λ of O λ . First consider the case when
The case when λ n M 2 = 0 can be similarly proved. Now consider the case when λ n M 1 = 0 and λ n M 2 = 0. Then from the exact sequence (3), we must have
-modules. We would like to study the conditions under which the corresponding Selmer groups H 1 f (F, A 1 ) and H 1 f (F, A 2 ) are (algebraically) congruent modulo λ n . We will provide some criteria in Proposition 1.2. Applications will be given in later sections.
Let A be either A 1 or A 2 . We now define a Selmer group of A on "level r" for each integer r ≥ 1. For each finite prime p of F , from the exact sequence
we get the exact sequence
and define the subgroup of
and for each finite prime p of F and each 1 ≤ r ≤ n, let σ p,r :
Proof: 1. For i = 1, 2, from the exact sequence
Thus we have the isomorphism of abelian groups
Therefore from the assumptions we have
2. Let A be A 1 or A 2 . By definition, we have the commutative diagram with exact rows 0 →
Applying the snake lemma we obtain the exact sequence
Let H div be the maximal λ-divisible subgroup of H 0 (F, A) and let H cot be the cotorsion quotient H 0 (F, A)/H div . Then we have the exact sequence
we get
Multiplying the sequence (5) by λ r and taking the snake lemma exact sequence from the resulting commutative diagram, we obtain the exact sequence
This, together with equation (6) and the equation
Combining this with the sequence (4), we obtain
) be the isomorphism induced by σ. For each finite prime p of F , we have the commutative diagram
where the vertical maps are restriction maps. Then by the definition of
Cyclotomic characters and Kummer congruences
In this section we first study the congruences of Selmer groups from the cyclotomic characters. We then compare these congruences with the Kummer congruences.
Algebraic congruences
Let ℓ be a fixed prime. Let χ = χ ℓ : G Q → Z × ℓ be the ℓ-adic cyclotomic character. Thus χ ℓ defines a one dimensional Galois representation which is denoted Z ℓ (1). For any integer n, the character χ n ℓ defines a one dimensional representation Z ℓ (n) = Z ℓ (1) ⊗n and the induced representation
Theorem 1 Let ℓ be an odd prime and let n be a positive integer. If k and k ′ are two integers both greater then 1 or both less then 0 such that
Proof: The following proof is suggested by Rubin. One could also use Iwasawa theory, as in Theorem 3, and apply generalized Cassels-Tate pairing [Fl, Gu1] . To simplify notations, denote
For each finite prime p of Q and each 1 ≤ r ≤ n, let σ p,r :
for all finite prime p and 1 ≤ r ≤ n. Then the proof follows from Proposition 1.2.
We first consider the case when p = ℓ. Then both A 1 and A 2 are unramified at p.
We also have the short exact sequence
of g p -modules. This, together with the inflation map, gives the following commutative diagram with exact rows
in which the vertical maps are injective. This diagram shows that
). We now consider the case when p = ℓ. First assume that k, k ′ < 0. By Example 3.9 from [B-K] 
. Then the action of Gal(Q ℓ /Q ℓ ) on A i is induced from the action of Gal(L/Q ℓ ) and the inflation-restriction sequence gives us the following commutative diagram with exact rows
Here the right vertical map is injective since
, defined as the kernel of the middle vertical map, in contained in the image of
where γ is a topological generator of Gal(L/Q ℓ ). This quotient is a cyclic abelian group. Therefore
commutes. Therefore, the isomorphism σ ℓ,r :
|. Now the theorem follows from Proposition 1.2, under the assumption k, k
. Denote B 1 and B 2 for the representations of Z ℓ -corank one associated to Q ℓ (1 − k) and
, and for each r with 1 ≤ r ≤ n, let τ ℓ,r :
) be the isomorphism induced by τ . Then the tautological commutative diagram
-modules induces the commutative diagram of abelian groups
where the isomorphisms in the rows are from the Tate local duality for finite Galois representations. Applying the proof in the previous case to B 1 and B 2 , we obtain
By [Wi, Proposition 1.
under the perfect pairing associated with the isomorphisms in the rows of the above commutative diagram, i.e., under the Tate duality. Combining this with the commutativity of the above diagram and Eq (7), we obtain σ ℓ,r (H
. Then the theorem again follows from Proposition 1.2.
Kummer type congruences
We now compare the congruences in Theorem 1 with the classical Kummer congruences which states that for ℓ − 1 ∤ k and k ≡ k ′ mod (ℓ − 1)ℓ n−1 ,
Bloch and Kato [B-K] , applying the Iwasawa Main Conjecture verified by Mazur and Wiles [M-W] , have proved that, for k positive even,
up to a power of 2. On the other hand, we have the well-known formula of Euler
We thus have
up to a power of 2. Using this equation, we prove
Proof: The second statement follows directly from equation (8) and the first statement. Since the numerator and denominator of B k k are relatively prime, the third statement follows from the first two statement. Therefore we only need to prove the first statement.
We first prove
we only need to show that, for any positive integer n,
To prove the equation
we apply the following two basic facts on Bernoulli numbers [I-R, Wa].
2. (Carlitz) if p is an odd prime and p − 1 | k, then
Thus if p − 1 ∤ k, then p does not divide the denominator of B k /k. So the equation holds. If p − 1 | k, then by the formula of Carlitz,
= c for some c ∈ Z p . Thus by the trigonometry inequality in Z p ,
So the p-power dividing the denominator of B k /k is the same as the p-power dividing the denominator of (p −1 −1)/k = (p−1)/pk. This power is one higher than the p-power dividing k, so it is v p (k) + 1. This proves the equation in the case when p − 1 | k.
As an application of Theorem 1, we obtain the follow congruences which can be regarded as the ℓ-part of the Kummer congruences.
Proof: From the definition,
Thus the congruences in the theorem follows from Theorem 1.
Hecke characters
We now consider an analog of Theorem 1 for two dimensional representations. Let K be an imaginary quadratic field with ring of integers O K . Let E be an elliptic curve over Q with complex multiplication by O K . Let ψ be the Hecke character associated to E by the theory of complex multiplication. Letψ be the complex conjugation of ψ.
For integers k and j, define ϕ = ϕ(k, j) = ψ kψj . For a finite prime λ of O K , let K λ be the completion with the ring of integers O λ . Let
It is in fact the ℓ-adic realization of the motive M(k, j) for the algebraic Hecke character ψ kψj [Gu3] . Define
with the induced representation of G Q . A(k, j) is a cofree Z ℓ -module of corank 2. In this section we study the congruences between the Selmer groups of A(k, j) for different pairs (k, j). We will consider the cases when ℓ is split in O K and non-split in O K in the next two subsections. Some applications of these congruences to special values will also be given.
Case 1: ℓ splits
Theorem 3 Let ℓ be an odd prime of Q that splits in K. Let (k i , j i ), i = 1, 2 be two pairs of integers with
is the same as the Selmer groups of Greenberg [Gr] , defined by
Here
where
We next recall more notations from [Gu2] . The reader is referred to there for more details and further references.
Let K ∞ = K(N). The Galois character ϕ λ is in fact given by the action of
λ is a character of infinite order. Hence the image of ϕ λ is of finite index in Z × ℓ . Thus Gal(K ∞ /K) decomposes as Gal(K ∞ /K) ∼ = ∆ × Γ with ∆ cyclic of order dividing ℓ − 1 and Γ ∼ = Z ℓ as abelian groups. Also ϕ decomposes accordingly into χ on ∆ and κ on Γ. Thus the fixed field K ∞ of ∆ is a Z ℓ -extension of K. We will identify Gal(K ∞ /K) with Γ by the natural isomorphism between them. Let K be the fixed field of Γ.
In summary, we have the following diagram.
For any abelian extension L of K, let M(L) be the maximal abelian pro-ℓ-extension of L which is unramified outside the primes of L over λ. Let X(L) be Gal(M(L)/L). Combining Proposition 2.2 and Proposition 2.3 from [Gu2] , we have
In the proof of Theorem 1 from [Gu2] we show that the restriction map X(
Since χ is a non-trivial character on δ by assumption, taking the χ component in the exact sequence, we get (X(F ∞ ))
Combining with Equation (9), we get
Now the theorem follows from Proposition 1.2.
The congruences between Selmer groups obtained in Theorem 3 enables us to obtain congruences between special values of Hecke L-functions. This is accomplished by making use of the relation between Selmer groups and special values established by the Bloch-Kato conjecture for Hecke characters which has been verified in many cases [Gu3, Han] . Such congruences are similar to the congruences related to two variable p-adic L-functions [Ya] .
Theorem 4 Let ℓ be an odd prime of Q that splits in K. Let (k i , j i ), i = 1, 2 be two pairs of integers with
where d K is the discriminant of K and Ω ∞ is the period of the elliptic curve associated to ψ.
Then the theorem follows from Theorem 3.
Case 2: ℓ is non-split
We now consider the case when ℓ is inert in K. Then ℓ extends to a prime λ in K.
Recall that
. Then as in [Ru, Lemma 11.6 ], the inflation-restriction sequence and local classfield theory give an isomorphism
and
) is the group of local units of K(E[p n ]) ⊗ K K λ which are congruent to 1 modulo the primes above λ. From this isomorphism we get an injective O λ -module homomorphism
Let U A be the annihilator of
For a positive integer n, we also have an injective O λ /λ n -module homomorphism
2. For a fixed pair (k 0 , j 0 ) with k 0 > −j 0 ≥ 0 and a fixed positive integer n, denote S(k 0 , j 0 , n) for the set of A(k, j)
We expect that any two representations from S(k 0 , j 0 , n) are r-congruent to each other modulo λ n . However its verification seems to require delicate properties of the Bloch-Kato exponential map for the λ-adic Hecke character ϕ λ associated to A(k, j). We could nevertheless obtain the following weaker result.
We first give the following result in algebra.
Lemma 3.1 Let R and S be two commutative rings. Let A be a R-module, B be an S-module and C be a R ⊗ S-module. There is a canonical isomorphism ξ : Hom R (A, Hom S (B, C)) → Hom S (B, Hom R (A, C)).
ξ(f ) is clearly well-defined and is additive in both a and b. Further, ξ(f )(b) is R-linear since (ξ(f )(b))(ra) = (f (ra))(b) = (rf (a))(b) = r((f (a))(b)) = r((ξ(f )(b))(a)).
ξ(f ) is S-linear since (ξ(f )(sb))(a) = f (a)(sb) = s(f (a)(b)) = s((ξ(f )(b))(a)) = (s(ξ(f )(b)))(a) = ((sξ(f ))(b))(a).
By changing A and B, we similarly obtain a homomorphism ξ ′ . It is easily verified that ξ and ξ ′ are the inverse of each other, thus proving that ξ is an isomorphism.
Proof of Proposition 3.1: Let B dr,λ be the ring of Fontaine with the filtration Fil i B dr,λ , i ∈ Z. It is known that
From the assumption that k > −j > 0 we get 
This way, η n corresponds to a δ n = δ A,n ∈ Hom G (U(F ∞ ), A[λ n ]). For another O λ /λ nmodule isomorphism f ′ : H 1 f (K λ , A)[λ n ] ∼ = O λ /λ n , we have f ′ = α • f where α is a automorphism of O λ /λ n . Thus ker(δ n ) does not depend on the choice of f and is a welldefined Λ-submodule of U(F ∞ ). From the definition of the isomorphism ξ constructed in Lemma 3.1, it is easy to see that in fact ker(δ n ) = U n . Now let A be an element in S(k 0 , j 0 , n). So there is a G Q -module isomorphism
This isomorphism induces a O λ /λ n -module isomorphism
under which δ n is sent toδ n = g • δ n . Note that ker(δ n ) = ker(δ n ) = U n is independent of the choice of the isomorphism g since any other G Q -module isomorphism
is of the form g ′ = β • g where β is a G Q -module automorphism of A 0 [λ n ]. Therefore, A 1 is r-congruent to A 2 modulo λ n if and only if ker(δ A 1 ,n ) = ker(δ A 2 ,n ). It is wellknown [Ru] is finite. Consequently, for almost all A ∈ S(k 0 , j 0 , n), there are infinitely many A ′ ∈ S(k 0 , j 0 , n) such that kerÃ n = kerÃ ′ n . This proves the proposition.
For r ≥ 1, the sequence of subgroups {H
